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Abstract 

We revise the problem of the quantization of relativistic particle models (spin- 
less and spinning), presenting a modified consistent canonical scheme. One of 
the main point of the modification is related to a principally new realization 
of the Hilbert space. It allows one not only to include arbitrary backgrounds 
in the consideration but to get in course of the quantization a consistent rel- 
ativistic quantum mechanics, which reproduces literally the behavior of the 
one-particle sector of the corresponding quantum field. In particular, in a 
physical sector of the Hilbert space a complete positive spectrum of energies 
of relativistic particles and antiparticles is reproduced, and all state vectors 

have only positive norms. 
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I. INTRODUCTION 



Already for a long time there exists a definite interest in studying (construction and 
quantization) of classical and pseudoclassical models of relativistic particles (RP) of differ- 
ent kinds. There are various reasons for that. One may mention, for example, a widely 
spread explanation that RP is a prototype string and with that simple example one can 
study many of the problems related to string quantization. However, we believe that a more 
profound motivation is stipulated by a desire to understand better basic principles of the 
quantization theory and to prove that there exist a consistent classical and quantum descrip- 
tions at least for noninteracting (between each other) RP of different kinds (with different 
masses, spins, and in different space-time dimensions), moving in external backgrounds. 
The problem may be considered as a supplementary one to the problem of relativistic wave 
equation construction for the particles of different kinds. Indeed, quantizing a classical or 
pseudoclassical model of RP we aspire to reproduce a quantum mechanics, which in a sense is 
based on the corresponding relativistic wave equation. And here it is necessary to formulate 
more precisely the aim of the quantization problem. Indeed, there is a common opinion that 
the construction of a consistent relativistic quantum mechanics on the base of the relativistic 
wave equations meets well-known difficulties related to the existence of infinite number of 
negative energy levels (energy levels, which correspond to antiparticles appear with negative 
sign in the spectrum), to the existence of negative vector norms, and difficulties related to 
localized state construction (position operator problem), part of which may be only solved 
in the second-quantized theory, see for example In this relation one ought to men- 

tion some attempts to to construct relativistic wave equations for the wave functions, which 
realize infinite-dimensional representations of the Lorentz group |7|J|. Thus, the quantiza- 
tion problem under consideration may be formulated with different degrees of claim. The 
simplest and most widely used approach is to apply some convenient in the concrete case 
(but not always the most convinced and well-grounded) scheme of quantization in the given 
case to arrive in a way to a corresponding relativistic wave equation, without any attempt 
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to demonstrate that a consistent quantum mechanics was constructed, due to the above 
mentioned belief that it cannot be done. To our mind the aim has to be more ambitious: 
namely, in the course of a first quantization of a RP model one has to try to construct a 
relativistic quantum mechanics consistent to the same extent to which a one-particle de- 
scription is possible in the frame of the corresponding quantum field theory (in the frame 
of the second quantized theory). We will demonstrate in the present article a possible way 
of realizing this with the example of the quantization problem of a spinless and spinning 
charged RP moving in arbitrary external electromagnetic and gravitational fields. 

First of all we have to define more precisely what we mean by convincing and well- 
grounded quantization. To our mind it has to be a consistent general scheme, but not 
some leading considerations, which allow one to predict in a way some basic aspects of a 
corresponding quantum theory of the classical model under consideration. For a consistent 
scheme of this nature one may refer, for example, to the canonical quantization of gauge 
theories, in which the physical sector may be selected already on the classical level by means 
of a gauge fixing, and the state space may be constructed and analyzed in detail. That may 
be also any equivalent to the canonical quantization scheme, which allows one to achieve 
the same final result. An alternative and frequently used method of Dirac quantization, in 
which the gauge conditions are not applied on the classical level, and first-class constraints 
are used as operators to select the physical sector in the state space, contains some essential 
intrinsic contradictions, in particular, one cannot formulate a consistent prescription to 
construct the appropriate Hilbert space in this case. Besides, there is no general proof 
of the equivalence of this method to the canonical quantization. All that does not allow 
one to consider this quantization scheme as a consistent one in the above mentioned sense. 
One ought to say that this method is rather popular due to its simplicity and due to the 
possibility to sometimes quickly reach a desired result. In particular, from the point of view 
of this method the problem of quantization, for example of scalar RP looks, in a sense, 
trivial. Indeed, the first-class constraint p 2 = m 2 reproduces in this scheme immediately 
something which looks like Klein-Gordon equation. In spite of the fact that still nothing 
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has been said how a consistent quantum mechanics may appear starting with that point, 
sometimes they accept it as a final solution of the problem. In connection with this we 
would like to repeat once again that the problem, as we see it, is not to "derive" in any way 
the Klein-Gordon or Dirac equations. The question is: May or not a consistent relativistic 
quantum mechanics be reproduced in the course of honest application of a well developed 
general scheme of a quantization, to some classical or pseudoclassical models of RP? Under 
the consistent relativistic quantum mechanics we mean a reduction of the quantum field 
theory of a corresponding field (scalar, spinor, etc.) to the one particle sector, if such a 
reduction may be done. The latter is possible if the interaction of the given quantum field 
with external backgrounds does not lead to a particle creation. 

What was done before to solve such formulated problem? Which kind of difficulties one 
meets here, and how the present work may contribute to progress in this direction? 

Usually the above mentioned models of RP are formulated in covariant and 
reparametrization invariant form. Due to the latter invariance, which is, in fact, a gauge 
invariance, one meets here all the problems related to the quantization of such systems, 
e.g. zero-Hamiltonian phenomenon and the time problem, which are crucial, for example, 
also for the quantization of such important reparametrization invariant theory as general 
relativity. Besides, the problem of spinning degree of freedom description turns out to be 
nontrivial in RP models. Here there are two competing approaches, one which uses Grass- 
mann variables for spin description, and gives rise to the pseudoclassical mechanics, and 
another one, which uses variables from a compact bosonic manifold. Both approaches have 
their own problems related, in particular, to higher spin description and introduction for 
such spins an interaction to external backgrounds. We do not touch here the problem of 
path integral quantization of relativistic particles. Readers interested in that question may 
look, for example, up the articles 0. 

One of possible approach to the canonical quantization of the relativistic particle (spinless 
and spinning) was presented in the papers PD|JTT[] on the base of a special gauge, which fixes 
the reparametrization gauge freedom. It was shown how the Klein Gordon and Dirac equa- 
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tions appear in the course of the quantization from the corresponding Schrodinger equations. 
However, only a restricted class of external backgrounds (namely, constant magnetic field) 
was considered. One may see that the above quantum theory does not obey all symmetries 
of the corresponding classical model. Besides, an analysis of the equivalence between the 
quantum mechanics constructed in course of the quantization and the one-particle sector 
of the corresponding field theory was not done in all details. Moreover, from the point of 
view of the results of the present work, one can see that such an equivalence is not com- 
plete. Thus, the question: whether a consistent quantum mechanics in the above mentioned 
sense is constructed, remain. Attempts to generalize the consideration to arbitrary external 
electromagnetic background [12| have met some difficulties (even Klein- Gordon and Dirac 
equations were not reproduced in course of the quantization), which look even more compli- 
cated in the case of a RP moving in curved space-time (in an external gravitational field). 
As to the latter problem, it is enough to mention that even more simple corresponding non- 
relativistic problem (canonical quantization of a particle in curved three-dimensional space, 
which has a long story flT3| ) attracts attention to the present day and shows different points 
of view on its solution [|i"5|-|r5|]. The relativistic problem, which naturally absorbs all known 



difficulties of its nonrelativistic analog, is essentially more rich and complicated due to its 
gauge nature (reparametrization invariance). If the external gravitational field is arbitrary, 
then the problem can not be solved (even in the restricted sense to reproduce only the Klein- 
Gordon and Dirac equations) by complete analogy with the flat space case in an external 
constant magnetic field |pT| , how it was done in |17|] for the static space-time. However, 



namely the general case is interesting from the principle point of view. It turns out that 
the whole scheme of quantization, which was used in [|10| , |rT| and repeated then in numerous 
works, has to be changed essentially to make it possible to include arbitrary external back- 
grounds (electromagnetic or gravitational) in the consideration and maintain all classical 
symmetries on the quantum level. Such a modified scheme of the canonical quantization of 
RP is described in the present article first in detail on the example of a spinless charged 
particle moving in arbitrary external electromagnetic and gravitational fields, and then it is 



applied already briefly to the spinning particle case. 

One of the main point of the modification is related to a principally new realization 
of the Hilbert space. It has allowed one not only to include arbitrary backgrounds in the 
consideration but to solve the problem completely, namely to get in course of the quantization 
the consistent relativistic quantum mechanics, which reproduces literally the behavior of 
the one-particle sector of the quantum field (in external backgrounds, which do not create 
particles from vacuum). In particular, in a physical sector of the Hilbert space complete 
positive spectrum of energies of relativistic particles and antiparticles is reproduced, and 
corresponding state vectors have only positive norms. 

The article is organized in the following way: In Sect. II we present a detailed Hamiltonian 
analysis of the theory of a classical relativistic particle with a reparametrization invariant 
action in external electromagnetic and gravitational backgrounds. We focus our attention 
on the selection of physical degrees of freedom and on the adequate gauge fixing. Due to 
the fact that after our gauge fixing we remain with time dependent constraint system, a 
method of treatment and quantization of such systems is briefly discussed in the end of the 
Section. In Sect. Ill we proceed with canonical first quantization procedure. Here we discuss 
in details Hilbert space construction, realization of all physical operators in this space, and 
in the end of the section we reformulate the evolution of the system under consideration 
in terms of a physical time. In Sect. IV we demonstrate a full equivalence of the quantum 
mechanics constructed to the dynamics of one-particle sector of the corresponding field 
theory in backgrounds, which do not create particles from vacuum. In the Sect. V we 
generalize consideration to the spinning particle case. To make the consideration complete 
we present also Dirac quantization scheme both in scalar and spinning case. Treating the 
spinless case we use widely results of brief consideration of the quantum field theory of 
scalar field in the electromagnetic and gravitational backgrounds, which are presented in 
the Appendix to the article. 
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II. CLASSICAL SPINLESS RELATIVISTIC PARTICLE 



The classical theory of a relativistic charged spinless particle placed in 3 + 1- dimensional 
Riemannian space-time (with coordinates x = = (x°,x l ) = (x°,x), and a metric tensor 
g^uix), /i = 0,1,2,3, i — 1,2,3), and interacting with an external electromagnetic field, 
may be described by a reparametrization invariant action 

S = J Ldr , L — —myj x^g lxv {x)x v — qx tJ, g IJ , v {x)A v {x) — -mVi^ — qxA , (2.1) 

where x M = dx^/dr; r is a real evolution parameter, which plays the role of time in the 
problem under consideration; q is an algebraic charge of the particle; and A^{x) are potentials 
of an external electromagnetic field. The action (|2.1|) is invariant under reparametrizations 
x m (r) — > x'^(t) = x m (f(r)), where /(r) is an arbitrary function subjected only the following 
conditions: /(r) > 0, /(0) = 0, /(l) = 1. The reparametrizations may be interpreted as 
gauge transformations whose infinitesimal form is <5x M (r) = i At (r)e(r), where e(r) is r- 
dependent gauge parameter. 

For the purposes of the quantization it is preferable to select a reference frame, which 
admits a time synchronization over all space. Such a reference frame corresponds to a special 
gauge g 0i = of the metricQ It is called (at g o = 1) synchronous reference frame according 



to P^| , or corresponds to Gaussian coordinates according to fll^fl . Such a reference frame 
exists always for any real space-time. 

Our aim is the canonical quantization, thus, we need first a detailed Hamiltonian analysis 
of the problem. Let us denote via canonical momenta conjugated to the coordinates x M , 

Plt =^ = -^^-qA„ A, = g^. (2.2) 

Let us introduce an important for the further consideration discrete quantity £ = ±1, which 
is defined in the phase space, 



L In such a gauge g 00 = g „, g lk g kj = 5) . 
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C = -sign [p + qA ] . (2.3) 

Due to the fact that goo > an important relation follows from the Eq. (|2.2j) at fi = 0, 

sign(x°) = C • (2.4) 
It follows also from fl2.2| ) that there exists a primary constraint 

$i = [p, + qA,} \p v + qA v \ - m 2 = , g av g v p = 6% . (2.5) 



On the other hand, it is clear that the relation (|2.5|) is, in fact, a constraint on the modulus 
of po + qA only, 



\p + qA \=u, u = yj g 00 {m 2 - [p k + qA k ] g k i [pj + qAj}} . (2.6) 

Taking into account (|2.3| ), we may write an equivalent to (|2.5|) constraint in the following 
linearized in p form 

$! = po + qA + (to = . (2.7) 

Indeed, it is easy to see that $' x is a combination of the constraint Q2.7p , $j = 
^oo ^—2^0;$]^ + ($i) 2 ] . Further we are going to work with the constraint $i, in particu- 
lar, one see explicitly that it imposes no restrictions on (. That is especially important for 
our consideration. 

To construct the total Hamiltonian in a theory with constraints we have to identify the 



primary-expressible velocities and primary- inexpressible ones ||20|| . The role of the former 
velocities are playing here sign(x°) and x l . Indeed, the first quantity is expressed via the 
phase space variables (see (|2.4j )). Besides, it follows from the equation (|2.2|) that 

v 7 ^ = mgooU^X , x l = -go^' 1 \p k + qA k ] Xg ki , A = . (2.8) 

Thus, we may regard x l as primary-expressible velocity as well, and A as primary- 
inexpressible velocity. We may expect that the latter quantity will appear as a Lagrange 
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multiplier in the total Hamiltonian of the theory. Indeed, constructing such a Hamil- 
tonian according to the standard procedure p0|-p^1, we get 



HV>= (^-^)U =/ (,, p ,a) = CA$i. (2.9) 
It vanishes on the constraint surface in accordance with the reparametrization invariance 



nature of the formulation p2|-|25|j. One can make sure that the equations 



fi = {7i,HW}, $! = 0, A>0, r J = (x*,p ll ), (2.10) 

are equivalent to the Lagrangian equations of motionF] (with account taken of the definition of 
the momenta (|2.2|) ). Equations (|2.10| ) are equations of motion of a Hamiltonian theory with 



a primary constraint (|2.7|) . In these equations A is an undetermined Lagrange multiplier, 
about which part of the information (A > 0) is already available (the latter condition is 
necessary to provide the above mentioned equivalence). 

The consistency condition ($i = 0) for the constraint (|2.7|) does not lead to any new 
secondary constraints and A is no longer defined. Thus, (|2.7f ) is a first-class constraint. What 
kind of gauge fixation one can chose to transform the theory to second-class constraint type? 
Let us consider, for example, the case of a neutral (q = 0) particle. In this case the action 
( p.ip is invariant under the time inversion r — > — r. Since the gauge symmetry in the 
case under consideration is related to the invariance of the action under the changes of the 
variables r, there appear two possibilities: namely, to include or not to include the above 
discrete symmetry in the gauge group together with the continuous reparametrizations. Let 
us study the former possibility and include the time inversion in the gauge group. Then 
the gauge conditions have to fix the gauge freedom, which corresponds to both kind of 



2 Here and in what follows the Poisson brackets are defined as 

\T C\ = _ (--\) p r p s drG dlT 

1 ' 1 dq a dp a { ' dq a d Pa ' 

where and Pg are Grassmann parities of .7-" and Q respectively. 



symmetries, namely, to fix the variable A = which is related to the reparametrizations, 
and to fix the variable ( = signx , which is related to the time inversion. To this end 
we may select a supplementary condition (the chronological gauge) of the form $2 = x° — 
t = . The consistency equation $2 = leads on the constraint surface to the relation 
<9 T $2 + {^2? H^} = — 1 + \( = , which results in £A = 1. Remembering that A > 0, we 
get ( = 1, A = 1. Suppose we do not include the time inversion in the gauge group. That is 
especially natural when q 7^ 0, 7^ 0, since in this case the time inversion is not anymore 
a symmetry of the action. Under the above supposition the above suplimentary condition 
is not anymore a gauge, it fixes not only the reparametrization gauge freedom (fixes A) but 
it fixes also the variable (, which is now physical. A possible gauge condition, which fixes 
only A, has the form [ p~0| , p7Tf| : 

$ 2 = x ° -( r = . (2.11) 

Indeed, the consistency condition $2 = leads to the equation d T & 2 +{&2, H^} = — C+A£ = 
, which fixes A = 1 and retains ( as a physical variable. To make more clear the meaning 
of the discrete variable ( = ±1 let us study the equations of motion fl2.10| ) in the gauge 



( |2.11| ). Selecting for simplicity the flat space case (g^ v = rj^ = diag(l, — 1, . . . , — 1)), we 



can see that these equations may be written in the following form: 
dV kin 



d((r) 



(C?) 



dx 3 

Fm + Fji 



Fun — d^Ay — d u A^ , 

= 0, P? n = CPi + (Cq)Ai. (2-12) 



V™ 2 + CPU 2 ' ^ 
It is natural now to interpret (t = x° as a physical timeQ, C,pi = Vi as a physical momentum, 

dx J dx_ 

d((r) ~ dx' 



and -jff-r — 4^ = v J as a physical three-velocity. Then Vf ,n = Vi + ((q)Ai is the kinetic 



3 In a sense we return into the consideration the initial variable x°, which was gauged out by 
means of a gauge condition. However, now x° has the status of an evolution parameter but not a 
dynamical variable. 
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momentum of a particle with the charge (q. In terms of such quantities the equations (|2.12|) 
take the form: 

^ = ( C8){ E + [,,Hl},v=-^^, ( = ±1, (2,3, 

where E and H are electric and magnetic fields respectively and v = (V), "p m = {V^ m ^. 



Equations (|2.13|) are well recognized classical relativistic equations of motion for a charge (q 



moving in an external electromagnetic field fl8fl . Now we may conclude that trajectories with 



( = +1 correspond to the charge q, while those with ( = —1 correspond to the charge — q 



(that was first pointed out in [|10| , pT| ). The sign of the charge ( is a conserved quantity in the 



theory. This interpretation remains also valid in the presence of an arbitrary gravitational 



background. Thus, the theory with the action ( |2.1| ) describes states with both sign of the 
electric charge. This doubling of the state space on classical level (due to the existence of 
the variable () naturally appears also on the quantum level, how it will be demonstrated 
below, and is decisive for the construction of a consistent relativistic quantum mechanics. 

The set of the constraints $ a = 0, a = 1, 2 is now second-class. However, it depends 
explicitly on the time (namely $2 does). In this case an usual canonical quantization by 
means of Dirac brackets has to be modified (see for details |2D[). In the case of a particle in a 



flat space, moving in an magnetic field with time independent potentials [|T0| , p7Tf1 , or in com 



pletely similar case of a particle in static space-time ||17|| , it is possible to make explicitly a 
simple canonical transformation, which transforms the constraint surface to a time indepen- 
dent form, and then proceed to the usual scheme of the canonical quantization by means of 
Dirac brackets. The above mentioned canonical transformation depends explicitly on time, 
thus, a new effective non-vanishing on the constraint surface Hamiltonian appears. In the 
case under consideration, with arbitrary gravitational and electromagnetic backgrounds, to 
find such a canonical transformation seems to be a difficult task. Nevertheless, the problem 
of the canonical quantization may be solved on the base of the approach to non-stationary 
second-class constraints developed in |2l| (similar results were obtained by a geometrical 



approach in f2(|). Below we present such an approach, which allows one to treat easily the 
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backgrounds of general form and at the same time clarifies some ambiguities hidden in the 
scheme of quantization of the original papers [H^H], which was used in many following pub- 
lications devoted to the canonical quantization of the classical and pseudoclassical models 
(see |27[] and Ref. therein). First, we recall briefly the treatment of Ref. |2(| for systems 
with non-stationary second-class constraints. 

Consider a theory with second-class constraints ^ a (rj,t) = (where rj = (x\ 7Tj) are 
canonical variables), which may explicitly depend on time t. Then the equations of motion 
for such a system may be written by means of the Dirac brackets, if one formally introduces 
a momentum e conjugated to the time t, and defines the Poisson brackets in the extended 
phase space of canonical variables (77; t, e), 

fj = {r),H + e} Di * ) , $(r/,t) = 0, (2.14) 

where H is the Hamiltonian of the system, and {A, B}jj^ is the notation for the Dirac 
bracket with respect to the system of second-class constraints <fi. The Poisson brackets, 
wherever encountered, are henceforth understood as ones in the above mentioned extended 
phase space. The quantization procedure in Heisenberg picture can be formulated in that 
case as follows. The variables rj of the theory are assigned the operators fj, which satisfy the 
following equations and commutation relations^] 

f}= foff + e}^*)! , [f),fjf]=i{7i,rf} I )(9)\ tHI $(fj,t) = 0. (2.15) 



The total time evolution is controlled only by the first set of the equations fl2.15|) since the 



state vectors do not depend on time in the Heisenberg picture. In the general case such an 
evolution is not unitary. Suppose, however, that a part of the set of second-class constraints 
consists of supplementary gauge conditions, the choice of which is in our hands. In this case 



4 In fact, the commutator here is understood as a generalized one, it is a commutator in case if 
one or both operators have Grassmann even parities, and it is an anticommutator if both operators 
have Grassmann odd parities. 
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one may try to select these gauge conditions in a special form to obtain an unitary evolution. 
The evolution is unitary if there exists an effective Hamiltonian H e ff(rj) in the initial phase 
space of the variables 77 so that the equations of motion ([2.14] ) may be written as follows 



r) = {v,H + e} Dm = {r],H eff } Dm , ${r],t) = 0. (2.16) 

In this case, (due to the commutation relations (|2.15|) ) the quantum operators 17 obey the 
equations (we disregard here problems connected with operator ordering) 

f) = -i[f),H], H = H eff (f)), [i),v'\=i{n,Ti'}Dw\ rM > Hv,t) = 0- (2-17) 

The latter allows one to introduce a Schrodinger picture, where operators do not depend on 
time, but the evolution is controlled by the Schrodinger equation with the Hamiltonian H. 
We may call the gauge conditions, which imply the existence of the effective Hamiltonians, 
as unitary gauges. Remember that in the stationary constraint case all gauge conditions are 
unitary p0| . As it is known ||20|| , the set of second-class constraints can always be solved 
explicitly with respect to part of the variables 77* = 77 = (77*, 77*), so that 77* and 77* 

are sets of pairs of canonically conjugated variables 77* = (q*,p*), 77* = (q*,p*)- We may 
call 77* as independent variables and 77* as dependent ones. In fact 77* — ^(77*) = is an 
equivalent to 0(77) = set of second-class constraints. One can easily demonstrate that it is 
enough to verify the existence of the effective Hamiltonian (the validity of relation (|2.16| )) 



for the independent variables only. Then the evolution of the dependent variables, which is 
controlled by the constraint equations, is also unitary. 

Returning to our concrete problem, we remark that in the case under consideration the 
Hamiltonian H in the equations ( |2.14| ) vanishes (total Hamiltonian vanishes on the constraint 
surface). Thus, these equations take the form 

V = R e}D($) = —fa ®a}C ab <9 T $ 6 , $ a = , (2.18) 

were 77 = (x^,^), and C a b{$b, $c} = 8 ac . Calculating the matrices {$ a , and C a b on the 
constraint surface, we get = antidiag(— 1, 1), C a b = {§b, &a}- Let us work now 
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with independent variables, which are in the case under consideration 77 = (x k ,pk,(). It is 
easy to see that ( |2.18| ) imply the following equations for such variables: 

v = {v,n ef f}, c = ±i, (2-19) 

where the effective Hamiltonian H e ff reads: 

Heff=[(qA (x)+uj] x0=(r . (2.20) 



It particular, it follows from ( 2.19|) that £ = 0. One can see that the equations Q2.19|) 



are ordinary Hamiltonian equations of motion without any constraints. Thus, formally, all 
the problems with zero-Hamiltonian phenomenon and time dependence of the constraints 



remain behind. In fact, we have demonstrated that in the gauge under consideration ([2.11 
the dynamics in the physical sector is unitary and the corresponding effective Hamiltonian 
has been constructed explicitly. 

III. FIRST QUANTIZATION OF SPINLESS PARTICLE MODEL 



Now, the problem of the canonical operator quantization of the initial gauge theory is 
reduced to the quantization of a non-constrained Hamiltonian theory with the equations 
(|2.19 ). We assume also the operator £ to have the eigenvalues ( = ±1 by analogy with the 



classical theory. The equal time commutation relations for the operators X k ,Pk,(> which 
correspond to the variables x k ,pk,(> we define according to their Poisson brackets. Thus, 
nonzero commutators are 



[X\P J ]=th5l (t=l) • (3.1) 

We are going to present a realization of such an operator algebra in a Hilbert space and 
construct there a quantum Hamiltonian H according to the classical expression ( |2.20| ). 
In the capacity of the above mentioned Hilbert space we select a space 1Z, whose elements 
G 1Z are x-dependent four-component columns 
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^ + i(x)^ 



*c(*) 



/ ( ^ 

xc( x ) 



<^c( x ) 



(3.2) 



where \l/^(x), ( = ±1 are two component columns with x an d f being x-dependent func- 
tions. The inner product in 1Z is defined as follows^: 

(*, *') = + , (3.3) 

vl/') = j *( x )*'(x)t2x = y [x*(xV(x) + ^(x)x'(x)] dx , * = *+<7i . (3.4) 

Later on one can see that such a construction of the inner product provides its form invariance 
under general coordinate transformations. 

We seek all the operators in the block-diagonal formP], 



C = bdiag (J, —I) , X k = x k l , P k = p k l , p k = -ihd k 



(3.5) 



where I and I are 2x2 and 4x4 unit matrices respectively. One can easily see that such 
defined operators obey the commutation relations ( [3.1|) and are Hermitian with respect to 
the inner product (|3.3|) . Evolution of state vectors with the time parameter r is controlled 
by the Schrodinger equation with a quantum Hamiltonian H. The latter may be constructed 
as a quantum operator in the Hilbert space TZ on the base of the correspondence principle 
starting with its classical analog, which is TC e ff given by Eq. ( |2.20|) . However, on this way we 



5 Here and in what follows we use standard cr-matrices, 











'l \ 








\ , cr 3 = 








K i y 




1° - 1 / 



6 Here and in what follows we use the following notations 

bdiag (A, B) 



I a o^ 



where A and B are some matrices. 
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meet two kind of problems. First of all, one needs to define the square root in the expression 
( p.6| ) on the operator level. Then one has to solve an ordering problem, it appears due to 
a non-commutativity of operators, which have to be situated under the square root sign in 
( p.6| ). Below we are going to discuss both problems. It seams to be instructive to do that 
first for a free particle in a flat space-time, and then in general case (in the presence of both 
backgrounds, electromagnetic and gravitational). 

For a free particle in a flat space-time g^ u = r]^, = . Then H e ff = uj = 
a/ m 2 + (pk) 2 • We construct the quantum Hamiltonian as H = Cl, where Q is an opera- 
tor related to the classical quantity uj. Such an operator we define as follows: 



Q = bdiag (uj, uj) 



UJ 



m 2 

1 



Thus defined operator Q is Hermitian with respect to the inner product (|3.3| ), its square 
Q 2 = [m 2 + (pk) 2 ] I j corresponds to the square of the classical quantity uj, and it is a well 
defined (in the space TZ) operator function on the basic canonical operators pk- Thus, the 
square root problem is solved here due to the state space doubling ( |3.2| ). In the case under 
consideration we do not meet an ordering problem. 

In the general case, when both backgrounds are nontrivial and T~C e ff has the form ( |2.20p , 
we construct the corresponding quantum Hamiltonian in the following way: 



H(r) = (qA + Q 



(3.6) 



where the operator A is related to the classical quantity Ao\ x0=( . T and has the following 
block-diagonal form A = bdiag (A \ x0=T I, A \ x0= _ T I) , and Cl is an operator related to 
the classical quantity uj\ x0=( * t . We define the latter operator as follows 



Q = bdiag ( 



UJ 



x o =T , U)\ x a = _ T ) , U) 



^ 



/ 



M 



G 

[Pk + qA k ] ^f=gg kj \pj + qA s \ + m 2 ^g~, G 



9oo 



(3.7) 
(3.8) 
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Its square reads Cl 2 = bdiag (MG\ x0=T I, GM\ x0= _ T I) , and corresponds (in the classical 
limit) to the square of the classical quantity u\ x0= ^ T . A verification of the latter statement 
may be done, for example, on the states with a definite value of (. Natural symmetric 
operator ordering in the expression for the operator M provides the gauge invariance under 
£7(1) transformations of external electromagnetic field potentials and formal covariance of 
the theory under general coordinate transformations as will be seen below. One can check 
that the operator H is Hermitian with respect to the inner product ( |3.3| ). 

The quantum Hamiltonian (|3.6| ) may be written in the following block-diagonal form 
convenient for the further consideration: 

H(t) = bdiag (h(r), -a 3 h(-r)a 3 ) , h{r) = h(x°) , h(x°) = qA I + Cj . (3.9) 

V / X°=T 

The states of the system under consideration evolute in time r in accordance with the 
Schrodinger equation 



ihd^(r) = H(tWt) 



(3.10) 



where the state vectors ^ depend now parametrically on r, 

* f (r,x) 



*_i(t, x) 



xdr, x) 



/ 



vc( r ' x ) 



C = ±i 



(3.11) 



/ 



Taking into account the representation (|3.9| ), one can see that two columns *ff z (r,x), obey 
the following equations: 



ihd T ^ +1 (T,x) = fe(r)*+i(r,x) , ihd^^T,*) = -<T 3 h{-T)a 3 *-i{T,x) . 



(3.12) 



Let us now demonstrate that the set of equations (|3.12|) is equivalent to two Klein-Gordon 
equations, one for a scalar field of the charge q, and another one for a scalar field of the 
charge —q. In accordance with our classical interpretation we may regard £ as charge sign 
operator. Let ^ be states with a definite charge (q, 



C* c = C*c> C = ±i 



(3.13) 
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It is easily to see that states with the charge q have = 0. In this case r = x°, 
where x° is physical time. Then the first equation (|3.12| ) may be rewritten as 

\ 



ihd V +l (x°,x) = h(x°)V +1 (x°,x) , *+i(x°,x) 



X+i(x°,x) 
,.o 



(3.14) 



/ 



Denoting y? +1 (x ,x) = ip(x) and remembering the structure (|3.7|) of the operator u, we get 
exactly the covariant Klein- Gordon equation in curved space-time for the scalar field (p(x) 
with the charge q, 

1 



-g 



{ihd^ - qA^) (ihd» ~ qA u ) - m 2 



<p(x) = . 



(3.15) 



States with charge — q have = 0. In this case, according to our classical 
interpretation, r = — x°, where x° is physical time. Then, taking into account the relation 



a 3 h{x°)a 3 = h(x°) = h c {x°) . 



(3.16) 



we get from the second equation fl3.12| ) 



^ Xli(-x°,x) ^ 



tpl^-x",*) 



(3.17) 



/ 



Denoting x°,x) = <p c (x), one may rewrite the equation (|3.17 ) in the form of the 

covariant Klein-Gordon equation in curved space-time for the charge conjugated scalar field 
ip c (x) (that which describes particles with the charge —q), 

1 



-9 



<p c (x) = 



(3.18) 



The inner product ( |3.3| ) between two solutions of the Schrodinger equation ( |3.10 ) with 
different charges is zero. For two solutions with charges q it takes the form: 



J ^9°° {[(iTfio - qA ) <p\* <p' + V * (thd - qA ) <f/} dx 



(3.19) 
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it is expressed via Klein-Gordon scalar product on the x° = const hyperplane for the case 
of the charge q , see (|A9| ) . For two solutions with charges — q the inner product ( |3~3| ) reads: 



(*_ 1 ,* / _ 1 ) = ( v » e ,/; 



c 

KG 



-99 



00 



[(ihd + qA ) <p c ]* </ + <p c * (ihd + qA ) <p c ' \ rfx 



(3.20) 



it is expressed via Klein-Gordon scalar product for the case of the charge — q, which is 
denoted above by an upper index c. 

Each block-diagonal operator T, which acts in 71, induces operators acting on the fields 
<p(x) and ip c (x). In particular, for the operators Pk = (Pk of the physical momenta in a flat 
space-time (see classical interpretation), we get V*^! — > pk <f(x) and pk (p c (x) , as one can 
expect, since the form of the momentum operators do not depend on the field charge sign. 

The above demonstration, together with the previous classical analysis (see Sect. II) has 
confirmed ones again that x° may be treated as physical time. Thus, it is natural to refor- 
mulate the evolution in the quantum mechanics constructed in terms of this physical time. 
At the same time we pass to a different representation of state vectors, taking into account 
the physical meaning of the components \l/±i, which follows from the equation ( 3.14 ) and 
( p.!7| ). Namely, we will describe quantum mechanical states by means of four columns 



= *+i(x°,x), ^ c (x) = ^(-xV) 





> 












, ^{x) = 


X c (x) 


\ 








J 




p c {x) 


J 



(3.21) 



As was said above it is, in fact, a transition to a new representation. Such a representation 
we may call conditionally x°-representation, in contrast with the representation ( |3.2|) or 
( P- 11| ), which will be called r-representation. The inner product of two states vE^x ) and 
ty'(x°) in x° representation takes the form 



(3.22) 
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where the product \&') is still given by the equation ( |3.4|) . 

One may find expressions for the basic operators in ^-representation under considera- 
tion. The operators ( and X k defined by the expressions ( |3.5| ) retain their form, whereas 
the expressions for the Hamiltonian and the momenta change. The former one has the form 

H(x°) = bdiag (h(x°) , h c {x )^j , (3.23) 

where h(x°) is the corresponding Hamiltonian from (|3.9|) and h c (x°) is given by Eq. fl3.16|) . 
The operator of the physical momentum Vi = (Pi has the form Vi = pfcl in x° representation. 
That confirms the interpretation of the physical momentum derived from the classical con- 
sideration in the previous Section. The time evolution of state vectors in ^-representation 
follows from the equations (|3.14|) and ( |3.17| ) 

ihd V(x°) = H(x°)^(x°) . (3.24) 

IV. FIRST QUANTIZED THEORY AND ONE-PARTICLE SECTOR OF 

QUANTIZED SCALAR FIELD 

Below we will give an interpretation of the quantum mechanics constructed, comparing 
it with a dynamics of a one-particle sector of QFT of complex scalar field. To this end 
we are going first to demonstrate that the one-particle sector of the QFT (in cases when 
it may be consistently defined, see Appendix) may be formulated as a relativistic quantum 
mechanics without infinite number of negative energy levels and negative norms of state 
vectors. Then we will show that it may be identified (under certain suppositions) with the 
quantum mechanics, which was constructed by us in the previous Section in course of the 
first quantization of the corresponding classical action. Doing that, we may, at the same 
time, give a more exact interpretation of the quantum mechanics. Below we use widely 
notions, results, and notations presented in the Appendix. 

To begin with one ought to remember that the one-particle sector of QFT (as well 
as any sector with a definite particle number) may be defined in an unique way for all 
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time instants only in external backgrounds, which do not create particles from the vacuum 
|28|^32||. Nonsingular time independent external backgrounds give an important example of 
the above backgrounds, see Appendix. That is why we are going first to present a discussion 
for such kind of backgrounds to simplify the consideration. A generalization to arbitrary 
backgrounds, in which the vacuum remains stable, may be done in the similar manner. 

Let us reduce the total Fock space 1Z FT of the QFT to a subspace of vectors which 
obey the condition N\*S> >= \ty >, where N is the operator of number of particles (|A37|) . 



Namely, we select the subspace 1Z 1 = TZfif © ^oi T °f normalized vectors having the form: 

i*>=E^ a - + A « 6 -]i 0> ' ( 41 ) 

n 

where f n , X n are arbitrary coefficients, J2 n l\fn\ 2 + \^n\ 2 ] < oo. We are going to call 1Z 1 
one-particle sector of QFT. All state vectors from the one-particle sector (as well as any 
vector from the Fock space) have positive norms. 
The vectors \n, £ > form a complete basis in TZ l , 



n,(>=< " ' (4-2) 




The spectrum of the Hamiltonian Hr T (see ( |A35| )) in the space TZ 1 reproduces exactly one- 
particle energy spectrum of particles and antiparticles without infinite number of negative 
energy levels, 

Hr T \u, +1 >= e +jH \n, +1 >, Hr T \u, -1 >= e° +>n \n, -1 > . (4.3) 

The dynamics of the one-particle sector may be formulate as a relativistic quantum 
mechanics under certain suppositions. To demonstrate that, we pass first to a coordinate 
representation for state vectors of the QFT, which is an analog of common in nonrelativistic 
quantum mechanics coordinate representation. Consider the decompositions 

$(x) = </>(-)(£) + ^(+)(x), tp c (x) = - (V> + a 3 ) = j>\-){x) + j>t+)(x) , 
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n a 
a a 



(4.4) 



where i/j c (x) is charge conjugated Heisenberg operator of the field t/j(x). By means of such 
defined operators we may construct a ket basis in the Fock space 1Z FT , 



< 0|^ ( _ ) (x 1 ) . . . V> ( _)(x A )^L)(yi) . . . ^_)(yb) , A,B = 0,1,... , 



(4.5) 



where 



^ ( -)(x) = ^ o=q , $L } (y) = ^_ } (y) 



j/0=o 



Then a time-dependent state vector ^(rr ) > from the Fock space (in the coordinate rep- 
resentation) is given by a set of its components 

*ab{xi ...x A , yi ... y B ) =< 0|^ ( _) (xi) . . . ^ ( _) (x A )^_ } (yi) • • • (y B ) \*(x°) > 
= < Ol^xO . . . • • . Vf )M|*(0) > , 



T° - 7/° 



y°B = x ° 



(4.6) 



Let us consider a time- dependent state \^f(x°) > from the subspace 1Z l . It has only 
nonzero components ^ w {x) and \1/ 01 (:e), 



*io(x) =< 0|^ ( _)(x)|*(0) >=< 0|^(x)|*(0) > , 
*oi(a:) =< 0|^_ } (x)|*(0) >=< 0|V> c (x)|*(0) > . 



(4.7) 



Thus, one may describe states from 1Z 1 in the coordinate representation by four columns 



! V(x) X 



^ c (x) 



, = *i (x), ^ c (x) = * i(a:), 



/ 

, M/ C (a;) = 



/ c, A 

X c {x) 

ycp c (x) J 



(4.8) 



22 



The QFT inner product < \E r |\E ,/ > of two states from TZ 1 may be written via their 
representatives in the coordinate representation. To this end one may use the following 
expression for the projection operator to one-particle sector 



^(x)|0 >< O|<0(x) + ^ c (x)|0 >< 0|^ c (x) 



<ix = / . 



(4.9) 



It follows from the relation ( |A17|) and properties of the solutions tp^ >n (x). Then the inner 
product (^ r , of two states *&(x°) and ty'(x°) from the one-particle sector in the coordinate 
representation may be written as 

(*, *') = ¥) + (* c , # c ') , ((*, =< *|*' >) , 

= J^(x)^(x)dx = J [ X *{x)<p'(x) + ip*{x)x'{x)\ dx . (4.10) 

One may find expressions for the basic operators in the coordinate representation in the 
one-particle sector: 



H 



FT 
R 



H = bdiag f h , h 



(4.11) 



where h and h c are defined by Eq. (|3.9|) and ( |3.16|) , so that (|4.11| ) is, in fact, the quantum 
mechanical Hamiltonian ( |3.23| ) in the case under consideration (in time-independent back- 
grounds); P k FT — > P k = bdiag (Pfc, P k ) , where the operator P k is defined by the expression 



I]), P k = ihd k - qA k , and P fc c = P k 



PI = ihd k + qA k ; Q FT -»• Q = q( , where C 



<?->-q 



is the operator from 

An analog of the equations ( |4.3| ) in the coordinate representation has the form 



V 







7 



1 ^ 



V 



^,Jx) 

S nm , *+ i/3 ) = <W, (* + ,„, = 0, 



/ 



(4.12) 



see QA2"5| ), QA2TP , and (|A2D|). The set forms a complete basis in in the 

coordinate representation. 
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The time evolution of state vectors from the one-particle sector in the coordinate repre- 
sentation may be found using the equations ( |A33| ). Thus, one may write 



ihd y(x) = h^{x) , ihd Q m c {x) = h c m c {x) 



or using the notations introduced above 



ihd V(x ) = HV(x°) . 



(4.13) 



(4.14) 



According to superselection rules |§ physical states are only those which are eigenvectors 
for the charge operator ( |A35|) . Thus, among the vectors (|4.1| ) only those, which obey the 
condition 



Q FT |*>=Cg|*>, C = ±l 



(4.15) 



are physical. This condition defines a physical subspace TZ^ h from the one-particle sector. It 
is easy to see that TZL h = TZ^UTIq^ . Vectors from the physical subspace of the one-particle 
sector have the form: 



\ n n / 



(4.16) 



where /„, X n are arbitrary coefficients, \f n \ 2 < oo, |A„| 2 < oo. Since the charge operator 
has the block-diagonal form in the one-particle sector in the coordinate representation (see 
above), the condition (|4.15|) reads 



C* c = C*o C = ±i- 



(4.17) 



Thus, the physical subspace of the one-particle sector consists of the vectors ( = ±1 
only. Due to the structure of the operator (, the states *f?+\ contain only the upper half of 
components, whereas, ones St i contain only the lower half of components, 



+i 



/ *(x) ^ 
V ° / 



* i 



I o ^ 



(4.18) 



24 



One may see that the complete set ^/+ >n and a from (|4. 12|) consists only of physical 
vectors. 



The continuity equation, which follows from (|4.14 ), has the form 



d p + divj = 0, p = W + 



I [*P fc + (P fc *)l (a x + «7 2 )# + [* c P fc c + (P fc c ^ c )] + za 2 )^ c } . (4.19) 



Let us denote via p^(x) the quantity ( 4.19|) constructed from the physical states This 



quantity may not be interpreted as a probability density, since it is not positively defined 
in general case. That is a reflection of a well-known fact that one cannot construct one- 
particle localized states in relativistic quantum theory. However, due to the Eq. (|4.10|) 
we get J p^cix = , ^) = 1 for any normalized physical states. Moreover, the overlap 
Vf^) may be treated as a probability amplitude, supporting usual quantum mechanical 
interpretation. 

Summarizing all what was said above, we may conclude that, in fact, the QFT dynam- 
ics in the physical subspace of the one-particle sector in the coordinate representation is 
formulated as a consistent relativistic quantum mechanics. It does not meet well-known 
difficulties usual for standard formulations of the relativistic quantum mechanics of spinless 
particles |2|,|3||| such as negative norms and infinite number of negative energy levels. 

Now we may return to the interpretation of the results of the first quantization pre- 
sented in the previous Section. In the time independent nonsingular backgrounds under 
consideration, we may see that under certain restrictions our quantum mechanics coincides 
literally with the dynamics of the QFT in the physical subspace of the one-particle sector. 
These restrictions are related only to an appropriate definition of the Hilbert space of the 
quantum mechanics. Indeed, all other constructions in the quantum mechanics and in the 
one-particle sector of the QFT in the coordinate representation coincide. The space 7Z, in 
which the commutation relations Q3.1|) were realized (the space of the vectors of the form 
Q3.2p ), is too wide, in particular, it contains negative norm vectors. We have first to restrict 
it to a subspace, which is equivalent to 1Z 1 and after that to the physical subspace V} vh . 

25 



Thus, we may get a complete equivalence between the both theories. To do the first step we 
consider the eigenvalue problem for the Hamiltonian ( |3.23| ) in the space 1Z. Its spectrum is 
wider than one (|4.12) in the space 1Z 1 , 



( I ( ^ 



\ 







? V x,n? ^ x' ,m) 



xx! &nm j 



/ 



if* 



f c \Er c \I/ C 



' ^ 



V 



a/3 ) 



(4.20) 



see ( |A25 ), ( A27 ), and (|A29 ). To get the same spectrum as in QFT, we need to eliminate 
all the vectors *&- t n and a from the consideration. Thus, we may define the analog of 
the space 1Z 1 as a linear envelop of the vectors *+, n and a only. This space does not 



contain negative norm vectors and the operator f2 from ( |3.7| ) is positively defined in perfect 
accordance with the positivity of the classical quantity u. The spectrum of the Hamiltonian 
in such defined space coincides with one of the Hamiltonian of the QFT in the one-particle 
sector. Reducing 7Z 1 to V} ph , we get literal coincidence between both theories. 

One ought to mention a well-know in the relativistic quantum mechanics problem of 
position operator construction (see and references there). In all the works where they 
started with a given K-G or Dirac equation as a Schrodinger ones, the construction of such 
an operator was a heuristic task. The form of the operator had to be guessed to obey some 
physical demands, by analogy with the nonrelativistic case. In particular, an invariance of 
the one-particle sector with a given sign of energy under the action of the position operator 
was expected. Besides, mean values of the operator had to have necessary transformation 
properties under the coordinate transformations and the correspondence principle had to 
hold. Realizing these and some other demands they met serious difficulties. At present, from 
the position of a more deep understanding of the quantum field theory, it is clear that it is 
impossible to construct localized one-particle states. That means that the position operator 
with the above mentioned properties does not exist. In the frame of our consideration, which 
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starts with a given classical theory, the coordinate x becomes an operator X in course of the 
quantization . Thus, the correspondence principle holds automatically. We do not demand 
from the operator X literally similar properties as in non-relativistic quantum mechanics. In 
particular, the one-particle sector is not invariant under the action of such an operator. The 
operator has no eigenvectors in this sector. To construct such eigenvectors one has to include 
into the consideration many-particle states. In the present work we do not exceed the limits 
of the one-particle consideration. However, a generalization to many-particle theory may be 
done one the base of the constructed one-particle sector and the existence of eigenvectors 
of the operator X may be demonstrated. That will be presented in our next article. As to 
the momentum operator, similar problem appears only in nonuniform external backgrounds, 
and has to be understood similarly. 

The above comparison of the first quantized theory with the dynamics of the one-particle 
sector of QFT was done for non-singular and time-independent external backgrounds. It 
may be easily extended to any time-dependent background, which do not create particles 
from vacuum. 

Thus, we see that the first quantization of a classical action leads to a relativistic quantum 
mechanics which is consistent to the same extent as quantum field theory in the one-particle 
sector. Such a quantum mechanics describes spinless charged particles of both signs, and 
reproduces correctly their energy spectra, which is placed on the upper half-plane of the 
Fig.l (see App.). 

One may think that the reduction of the space 1Z of the quantum mechanics to the 
space 1Z l is necessary only in the first quantization, thus an equivalence between the first 
and the second quantization is not complete. That may be interpreted as a weak point 
in the presented scheme of the first quantization. However, it is a wrong impression, the 
same procedure is present in the second quantization. Below we are going to remember 
how it happens in the case under consideration of scalar field. Indeed, instead to write the 
decomposition (A34) one could write two possible decompositions 
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since both sets ?/>^ n and ip%. n are complete. Then it follows from the commutation relations 
(A32) that 

Two sets of operators a, a + and b, b + are not independent, they are related as follows: 
a +>n = bt n , a+ n = &-, n , a -,n = &+, n j fl i,n = ^+,n • Interpreting the operators without 
cross as annihilation ones, we may define four vacuum vectors 

|0) = \ a+ ) <g> |6 + ) , |0>! = \a+) <g> |o_) , |0) 2 = |6 + ) ® |6_) , |0) 3 = |a_) ® |6_) , 

where a +jn |a + >= 0, a_ n |a_ >= 0, b + ^ n \b + >= 0, &_ jTl |6_ >= 0, and the following one- 
particle excited states: 

1)<J0), 6+ JO); 2) a+ n |0) 1; < B |0)i; 3) &+ B |0) a , &+ B |0) a ; 4) < n |0> 3 , 6+ B |0> s . 

The non-renormalized quantum Hamiltonian, which may be constructed from the classical 
expression (A14), reads H FT = xe x,n a i n a x,n ■ Now one may see that only the one- 
particle states from the group 1 form the physical subspace. All other states from the groups 
2,3,4 have to be eliminated, since they or contain negative energy levels, negative norms, or 
do not reproduce complete spectrum of particles and antiparticles. Working in such defined 
physical subspace we may deal only with the operators a+ n , a +>n , b\ w b +iTl and denote them 
simply bn,b n . Then all usual results of second quantized theory may be reproduced. 

Finally, to complete the consideration let us examine the Dirac quantization of the theory 
in question. In this case we do not need to impose any gauge condition to the first-class 
constraint ( |2.7| ). We assume as before the operator £ to have the eigenvalues £ = ±1 by 
analogy with the classical theory. The equal time commutation relations for the operators 
X^jPfijC, which correspond to the variables we define according to their Poisson 

brackets, due to the absence of second-class constraints. Thus, now we get for nonzero 
commutators 
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ih5?, (C 2 = i 



(4.21) 



Besides, we have to keep in mind the necessity to construct an operator realization for the 
first class-constraint (|2.7| ), which contains a square root. Taking all that into account, we 
select as a state space one whose elements are x-dependent four-component columns 



*-i(aO 



/ 



ip c (x) 



(4.22) 



/ 



where ^>^(x), ( = ±1 are two component columns, with x an d f being x-dependent 
functions. We seek all the operators in the block-diagonal form, 



C = bdiag (/, —I) , x» = xn , P„ = p„I , j3 M = -ihd^ . 



(4.23) 



where I and I are 2x2 and 4x4 unit matrices respectively. The operator $i which 
corresponds to the first-class constraint (|2.7|) , is selected as $i = Pq + gv4 + £fi . The 
operators A and fi related to the classical quantities A and u have the following forms 
A = A 1, Cl = bdiag , where Cj is defined by Eq. (|3.7|) . Similar to the canonical 

quantization case, one may verify that the square Cl 2 corresponds (in the classical limit) to 
the square of the classical quantity uj. The state vectors (|4.22| ) do not depend on "time" r 
since the Hamiltonian vanishes on the constraints surface. The physical state vectors have 
to obey the equation = . Thus, we arrive to the equations 

iHdoV+i(x) = (qA + Cj) ^+i{x) , ihd ^^(x) = (qA - Cj) *_i(a;) . (4.24) 

Taking into account the realization of all the operators, definitions ( |3.9| ), ( |3.16| ), and de- 
noting \E' +1 (x) = i/j(x), — o r 3 $!_ 1 (a;) = 4> c (x), we get two Klein-Gordon equations (in the 
Hamiltonian form) 



id ip = h{x")i) , id ?p c = h c {x°)^ c 



(4.25) 



one for particle, and one for the antiparticle, see ( |A14j ) and ( |A19| ). Unfortunately, the 
Dirac method of the quantization gives no more information how to proceed further with 
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the consistent quantum theory construction, and moreover contains principal contradictions, 
see discussion in the Introduction. However, we may conclude that at least one of the main 
feature of the quantum theory, its charge conjugation invariance, remains also in the frame 
of the Dirac quantization. 

V. SPINNING PARTICLE CASE 

We would like to demonstrate here that a consistent quantization, similar to that for 
spinless particle, applied to an action of spinning particle, allows one to construct a consis- 
tent relativistic quantum mechanics, which is equivalent to one-particle sector of quantized 
spinor field. For simplicity we restrict ourselves here only by one external electromagnetic 
background, considering the problem in the flat space-time. 

An action of spin one half relativistic particle (spinning particle), with spinning degrees 
of freedom describing by anticommuting (Grassmann-odd) variables, was first proposed by 
Berezin and Marinov |33| and just after that discussed and studied in detail in papers p^-p8|- 
It may be written in the following form (in the flat space-time) 

S = j\dr, L = - {X " ~*" x) - q&Ap + iqeF^C - im^X - j^ 2 - ^ , (5.1) 

where x M , e are even and £ n , x are °dd variables, dependent on a parameter r G 
[0,1], which plays a role of time in this theory, \i = 0,3; n = (//, 4) = 0,4; r]^ u = 
diag(l, — 1, — 1, — 1); r] mn = diag(l, — 1, — 1, — 1, — 1). Spinning degrees of freedom are de- 
scribed by odd variables £ n ; even e and odd x pl & y an auxiliary role to make the action 
reparametrization and super gauge-invariant as well as to make it possible consider both 
cases m^O and m = on the same foot. 

The are two types of gauge transformations under which the action ( |5.1| ) is invariant: 
reparametrizations Sx 11 = x^e , be = 4- (ee) , <5£ n = ^ n e , 5x = 4- (x £ ) > an d supertrans- 
formations 5x^ = i^e , 5e = ixe , Sx = e , = ^- (x^ 1 — i^x) e j <^^ 4 = y e > where 
e{t) and e(r) are r-dependent gauge parameter, the first one is even and the second one is 
odd. 

30 



Going over to Hamiltonian formulation, we introduce the canonical momenta: 



dL 



- qA„ , P e 



dL 



0, P x 



O.i-i' e ' ' de K i)\ 

It follows from ( |5.2| ) that there exist primary constraints = 



, TTn = Trr" = -Kn • (5-2) 



dp 



(5.3) 



We construct the total Hamiltonian = H + \ a <j>a , according to standard procedure 
22|, 



H = ~ [(p + qAf -m 2 + 2iqF^et] + i [(p„ + <?AJ + m£ 4 ] X 



(5.4) 



From the conditions of the conservation of the primary constraints (f)^ in the time r, </>M 
f/W} = 0, we find secondary constraints <fft> = 0, 



^ = (p, + qAje + K 4 , 4 2) = (p + ^) 2 - + 2iqF^e 



(5.5) 



and determine A, which correspond to the primary constraint 0^. Thus, the Hamiltonian 
appears to be proportional to the constraints, as one could expect in the case of a 

(2) (2} 

reparametrization invariant theory, H = — §02 + X ■ No more secondary constraints 
arise from the Dirac procedure, and the Lagrange multipliers, corresponding to the primary 
constraints \ remain undetermined. 

One can go over from the initial set of constraints 4>^ to the equivalent one < - 1 - ) , T, 
where 



T\ = (p„ + qAJ (tt" - + m (vr 4 - *£ 4 ) 



T 2 = p + qA + (r , r = -Jm 2 + (p k + qA k ) z + 2qF^p^ . 



(5.6) 
(5.7) 



The new set of constraints can be explicitly divided in a set of the first-class constraints, 



which is 4>il, T, and in a set of second-class constraints, which is 



i 1) ,0 (1) } = W 1) ,T}={r,0 



=T=0 



{T,T}\ 



=T=0 



, a = 1,2. 



(5.8) 
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The constraint ( |5.7|) is equivalent to one (f)^\ (jy^ 1 — — 2C r ^2 + (T2) 2 • Remember, that 
C = —sign [p + qA (x)] . Thus, the constraint (|5.7|) is a analog of the linearized primary 
constraint fl2.7|) in the scalar particle case. 

We are going to impose supplementary gauge conditions to all the first-class constraints. 
First we impose two gauge conditions G = 0, 

0f = 7r°-i£° + CK-iO, ^ = *°-Ct ■ (5-9) 

A motivation for the gauge condition G is the same as in scalar particle case (Sect. II) . As 
to the gauge condition G , it is chosen to be a contrpart to one of the first-class constraint 
T , and to provide a simple structure of the final complete set of second-class constraints, 
see below. It differs from similar gauge condition, which was used in |T2| , by a combination 
of constraints. From the consistency condition <ft G = we find two additional constraints 



^ \ - ^':::r j = o, (5.10) 



uj (uj + m] 

iqF k0 (vr fc - ii k ) (vr° - i£°) 



1 - 



2lu (lu + to) 



0, (5.11) 



\* , o„t? ck^i r, - . ,7,2 , 2 C^M) 



where 

Cj q = dm? + (p k + qA k f + 2qF ki e^ 1 , = W^ 2 + (p, + (£V + vr^O • (5.12) 

v V ^0 + m 

Then, the conditions of consistency for the constraints of <ftf and G lead to the determination 
of the Lagrange multipliers for the primary constraints <fyp and 02 • The complete set of 
constraints (0^,T, G ) is already a second-class one. 

Below we are going to present an equivalent to [4>^ , T, G ) set of second-class constraints 
$„, a = 1,2, ...,13, which has a simple quasi- diagonal matrix {$ a , <£>{,}. The first five 
constraints of this set have the form 

$ 1 =p Q + qAa + Cu>, $ 2 = G , $3 = <J, $4 = 41 $5 = 0$ • (5-13) 



Four of them are exactly old constraints, and the first one is a linear combination of the old 

f 6 {1) 6 {1) 



constraints. Namely, $1 = t\Ti + £2^2 + f<Pi + fnmvz mVs n 1 where the coefficient functions 



are 
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tl 



-iCqFko (rr k - i£ k ) 
(m + u> )(po + qA - (u) 
1 



/ 



imqFj s0 ('K k — 



./'/ 



A:,0 



Po + qAo - 

iqF k Q 
Po + qA - (lj 



Po + qA - (r 



(m + uJo)(po + qAo-(uj)' 
i(qF k0 (vr fc - (7T° - z£°) 



1 iqFio (n l - iQ (7r° - 
2(m + u) )tio 



m + lu ) 

fk.l 



KqFw (pi + qAi) 

(m + iJo)(po + qA - C&) 



The rest constraints are orthogonal (in sense of the Poisson brackets) to the latter five and 
form four orthogonal to each other pairs. The first pair is $6, ^7 , where $6 = — f^i + bT 2 + 

ctf% + r k <j> ( sl<p l 3fi, $ 7 = 4>x , and 



7T 



2{^,T 2 }' 
The second pair is $ 8 , $9 > where $ 8 



/,■(') 



4u) 

$ 9 = (j)f> , and 



d 



{^4 

{$ 7 ,$ 6 } 



II 



The third pair is $i , $n , where $i = 04 + w</>!f + £$7 + s$6 , $ X1 



and 



{$ 7 ,$ 6 } 

The last pair is $12, $13 , where $i 2 = 0^0, $13 = 
between the new constraints are listed below 



{$ 6 , $7} 



J 3,4 



. All nonzero Poisson brackets 



{$ 2 , $1} = - {$!, $2} = 1 , {$3, $3} = {$4, $4} = {$5, $5} = ~2i 
{$ 6 , $ 7 } = {$7, $ 6 } = C(^0 + m) , {$ 8 , $9} = {$9, $8> = 1 , 
{$10, $11} = - {$11, $10} = 1 , {$12, $12} = - {$13, $13} = 2Z . 



(5.14) 



Now we are in position to analyze the equations of motion in the case under consideration. 
They have the form ( j2.14j ), in which one has to put H = 0, 



fj = {r],e} 



$ = 



(5.15) 



where rj stands for the set of all the variables of the theory, and the Dirac brackets are 
considered in the extended phase space (see Sect. II). We are going to demonstrate that 
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an effective Hamiltonian exists in this case. To this end let us divide the complete set of 
constraints $ into two subsets of constraints, U and V , $ = (U, V), where U = (<& ) , a = 
1, 5 , V — , b = 6, 13 . It is easy to see that both U and V are sets of second- 
class constraints. In this case the Dirac brackets with respect to the constraints $ may be 
calculated successively (see POQ , P-276), 

S} DW = G}d { u) - V b } D(p) C bd {V d , G} D(U) , (5.16) 

where C bd {Vd, V c } D ^ = 5 b c and J 7 , Q are some functions on phase variables. Consider only 
variables 77 = {x k ,pk, C, TTfe) • All other variables may be expressed via these variables, 
or eliminate from the consideration by means of constraints. Applying the formula Q5.16D , 



and taking into account the specific structure of the constraints V, we may write equations 
of motion for the variables 77 in the following simple form 

V = {v,s} D{uh U = 0. (5.17) 

Now let us divide the complete set of constraints U into two subsets of constraints, u and v, 
U = (u, v), where u = ($ a ) , a = 3, 4, 5 , v — ($&) , b = 1, 2 . It is easy to see that both u 
and v are sets of second-class constraints. Now we may again calculate the Dirac brackets 
from Eq. (|5.17f) successively. Here a simplification comes from the fact that {i1) £ }d(u) = ®- 
Thus we get 

{V,£} D (U) = - iWa} D{u) c ab {v b , e} D{u) , c ab {v b , v d } D{u) = 5 a d (5. 18) 

The matrix c may be easily calculated: c 11 = c 22 = 0, c 12 = — c 21 = 1 . Then the above 
equation may be written as 

{^W) = {-n,(®i} Diu ) ■ ( 5 - 19 ) 



The term ^$1 under the Dirac bracket sign in ( |5.19| ) may be transformed in the following 



way: First we may eliminate the momentum po from $1 (there is no x° in 77 ), then substitute 
x° by (t according to the constraint $2 = (there is no po in 77 and in u), and finally to 
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express all the momenta nk by —i^k according to the constraints u — (that may be done 
since the Dirac brackets are just taken with respect of the constraints u). Thus, finally we 
may write the equations of motion for the variables r\ in the following form 

i] = {rj, H e ff} D (u) , u k = $l = , k = 1, 2, 3 . (5.20) 
where the effective Hamiltonian H e ff reads: 



v CJo + 777. 

The nonzero Dirac brackets between the independent variables t] have the form 

Then the equal time commutation relations for the operators P^, C,H fc , which corre- 
spond to the variables x k ,p k , (£ k , we define according to their Dirac brackets. The nonzero 
commutators (anticommutators) are 

[X k ,P j \=iti5;, [Z k ,Z l ] + = -^ kl . (5.22) 

We assume as before ( 2 = 1 , and select a state space 1Z whose elements * G 1Z are 
x-dependent eight-component columns 



* = 



^ + i(x) X 



(5.23) 



where ^(x), £ = ±1 are four component columns. The inner product in 7?. is defined as 
follows: 

(*, *') = + , M>') = | *t( x )^( x)dx . (5.24) 

Later on one can see that such a construction of the inner product provides its form invariance 
under Lorenz transformations. We seek all the operators in the block-diagonal form, in 
particular, the operators ( and E k we chose as: 
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C = bdiag (/, -I) , E k = bdiag (f* , [e fc , ?] + = ~V M , (5.25) 

where I is 4 x 4 unit matrix, and £ fc are some 4x4 matrices, which obey the above equal 
time commutation relation. Thus, we may realize the operators £ fc by means of 7 -matrices, 

|*=Itf/V, [7*,7 , ] + = 2i7 W . (5.26) 

The canonical operators X k and P k we define as totally diagonal 

X k = x k I, P k =p k I, p k = -ihd k , (5.27) 

where I are 8x8 unit matrix. One can easily see that such defined operators really obey the 
commutation relations ( |5.22j ) and are Hermitian with respect to the inner product ( jTgg ). 



ion 
in 



Evolution of state vectors with the time parameter r is controlled by a Schrodinger equati 
with a quantum Hamiltonian H. The latter may be constructed as a quantum operator i 
the Hilbert space 1Z on the base of the correspondence principle starting with its classical 
analog, which is T~L e ff given by Eq. ( |5.21| ). There exist infinite number of possible operators 
which have the same classical image. That corresponds to the well-known ambiguity of the 
quantization in general case. We construct the corresponding quantum Hamiltonian in the 
following way: 

H(r) = CqA + Cl . (5.28) 

The operator A has the following diagonal form A = bdiag (A \ x0=t I, A \ x0= _ T /) . We 
define the operator Cl as follows 

Cl = bdiag (a>oU =T) - <^o\ x o = _ T J , ^0 = 7° [ m + l k (ftk + qA k )] , (5.29) 

where 7 is one of the Dirac matrix, (7 ) 2 = 1, [7°,7 fc ] + = . The first term in the 
expression ( |5.28| ) is a natural quantum image of the classical quantity (qA \ x0=( . T . Below 



we are going to adduce some arguments demonstrating that the second term Q may be 
considered as a quantum image of the classical quantity uj\ .In fact, we have to justify 
the following symbolic relation 
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lim £7 

classical 



(5.30) 



To be more rigorous one has to work with operator symbols. However, we remain here in 
terms of operators, hoping that our manipulations have a clear sense and do not need to be 
confirmed on the symbol language. First, we may replace the operator Q under the sign of 
the limit by another one Cl' — Cl + A , where 

1 



A = bdiag I 7 °£ fe A fe 



m 



' ~ 2 



Indeed, one may see that the classical limit of the operator A is zero. A justification may be 
the following: The leading in h contribution to the operator A results from the terms, which 
contain (i k ^j ■ Such operators have classical limit zero. That is related, for example, to 
the fact that due to the realization ( |5.26|) they are proportional to h. On the other side, we 
may remember that in the classical limit such terms turn out to be proportional to (£ fc ) 2 , 
which is zero due to Grassmann nature of £ . Both considerations are consistent. As to the 
operator fV , we may consider its square and see that its classical limit corresponds to the 



square of the classical quantity u\ Q .It would be enough to prove the relation ( |5.30D . 
The concrete details look as follows 



Q'j = bdiag (& 2 
-iqFji[i j ,i l ], Pi = 



X°=T,C=1 ' 
1 



2i 



•,C=-i 
1 



> * 2 9 

— m z 



P2 



m 

2i. 



CqF k0 i k 



' " 2 



, (Pj + qA 



{Pi + qAj) i 3 ,Lj - m 



[m 2 + (p fc + qA k ) 2 ] I 



4 



X k + 2 (p fc + qA k ) , Xj 



Consideration of the classical limit may be done on the states with a definite value of (. One 
can easily see that in such a limit uj 2 — ► u>q and pi — ► p. The operator p2 is zero in classical 
limit, since does not contain terms without h. Thus, in the classical limit the operator j 
and therefore (Cl^ as well, corresponds to the classical quantity uj 2 \ x0=( . t . Returning to our 
choice of the operator Cl, we may say that the classical theory gives complete information 



about its structure. We have to select nonclassical parts of the operator using additional 
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considerations. Thus, the form (|5.29 ) was selected to maintain Lorentz invariance of the 
results of the quantization. 

The quantum Hamiltonian ( |5.28| ) may be written in the following block-diagonal form 
convenient for the further consideration, 



H{t) = bdiag h{r), -h(-r) , h{r) = h(x°) 



h(x°) = qA + uq . 



(5.31) 



One can see that h(x°) has a form of the one-particle Dirac Hamiltonian. 

The states of the system under consideration evolute in time r in accordance with the 
Schrodinger equation 



m T ^(r) = H(tWt) 



(5.32) 



where the state vectors ^ depend now parametrically on r, 



^ + i(r,x)^ 



V 



(5.33) 



*-i(r, x) 

Let us now demonstrate that the equation ( p. 32] ) is equivalent to two Dirac equations, 
one for the Dirac field of the charge q, and another one for the Dirac field of the charge —q. 
In accordance with our classical interpretation we may regard £ as charge sign operator. Let 

be states with a definite charge (q, thus, C\&c = C\&c , C — ±1 • It is easily to see that 
states with the charge q have = 0. In this case r = x°, where x° is physical time. 
Then the equation (|5.32 ) may be rewritten as 

ihdoV + i(x°,x) = A(x°)^ + i(x°,x) . 

Denoting \E f + i(x°, x) = ip(x) we get exactly the Dirac equation for the spinor field ift(x) with 
charge q, 



[Y (ihd„ - qA^) - m) ij>(x) = 0. 



(5.34) 



States with charge — q have = 0. In this case, according to our classical 
interpretation, r = — x°, where x° is physical time. Using, for example, the standard 
representation of the Dirac matrices, one can see that 
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h c (x°) = 7 2 (h(x°) ) 7 2 = h(x°) , (5.35) 



q^-q 



where h c (x°) is the charge conjugated Dirac Hamiltonian. Then, we get from the equation 

ihdo^i-x ,*) = - 7 2 /i c (x )7 2 ^l 1 (-x ,x) . 

Denoting 7 2 \1/1 1 (— a; , x) = ip c (x) one may rewrite this equation in the form of the Dirac 
equation for the charge conjugated spinor field ip c (x) (that which describes particles with 
the charge — q), 

(ihd^ + qA^) - m] ^ c (x) = 0. (5.36) 



The inner product ( |5.24 ) between two solutions of the Schrodinger equation ( |5.32|) with 



different charges is zero. For two solutions with charges q it takes the form: 

(vfr +1 ,*' +1 ) = J ^ + (x)^(x)rfx = > 

and is expressed via the Dirac scalar product on the x° = const hyperplane for the case of 
the charge q. For two solutions with charges — q the inner product (|5.24j) reads: 



D 



and is expressed via the Dirac scalar product for the case of the charge —q. 

Let us study the eigenvalue problem for the Dirac Hamiltonian Q5.31D in a time indepen- 
dent external backgrounds (thus, below this Hamiltonian does not depend on x°): 

hil>(x) = e^(x) . (5.37) 

Here e defines the energy spectrum of particles with the charge q. As usual, it is convenient 
to present the Dirac spinor in the form 

V>(x) = [7° (e - qA ) + ^ k {ihd k - qA k ) + m] (p(x) . 

Then the function <p(x) obeys the squared Dirac equation, 
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[(e - qA ) 2 - D] <^(x) = , D = m 2 + (ihd k - qA k f + pF^, -f\_ ■ (5.38) 

The main features of such a spectrum in general case (for non-superstrong potentials A ) 
may be derived from the equation ( |5.38| ) repeating the discussion presented for the scalar 
field. First of all, one may see that a pair (ip, e) is a solution of the equation ( |5.38| ) if it 
obeys either the equation e = qA + a/ <p~ l D<p , or the equation e = qA — a/ if 1 Dtp . Let us 
denote via e+,n) solutions of the first equation, and via (<f-, a , e ~,a) solutions of the 

second equation, where n and a are some quantum numbers which are different in general 
case. Thus, 



e+,n = qA +^ (f + ] n Dip + , n , e_ Q = qA - yj (p_ x ol D(p_ j(X . (5.39) 

One can call e +i „ the upper branch of the energy spectrum and e_ jQ , the lower branch of the 
energy spectrum. We get (ip+, n , e+,n) and {ip-, a) £-,«) solutions of the eigenvalue problem 
( [5.371 ), where 



^+,n(x) = [7° (e+,n - qA ) + 7 J (ihdj - qAj) + m] y?+, n (x) , 

^_,„(x) = [7° (e-,„ - gA,) + 7 J (ifiolj - ?A,0 + H ¥>-,„(x) . (5.40) 

Square of the Dirac norm of the eigenvectors ip^n is positive and they may be orthonormal- 
ized as follows, 

(lp*:,n,lpx>,n') D = Sjt^S^n', X = ± . (5.41) 

A solution of the eigenvalue problem for the charge conjugated Dirac Hamiltonian h c , 

h C r„,n = £,nC,n > ( 5 - 42 ) 

one can find using Eq. (|5.35|) . Then 

C,n = fV-^n , £,„ = ~^,n , fe, C>') = <WA,n', X = ± . (5.43) 

Proceeding similar to the scalar particle case in ^-representation, we define orthogonal each 
other sets &+ in , and a , 
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11 +,a ~ t +,a T +,a! +,a 



^+,n(x) 



V 



o 



7 



' o N 



a/3 5 



where if = bdiag \ h, h c J . The sets form a complete basis in the physical subspace TZ^ h 
. Now we can see that Cl is positive defined in the physical subspace in accordance with 
positivity of classical value u. That positivity condition helps to fix an ambiguity in the 
definition of Q . For example, in the r-representation we could define the operator Q as 
follows, (l = bdiag (u]q\ x0=t , ± coq\ x0= _ t ) . We need the positivity condition to select the 
minus sign in the lower block, as was done in (|5.29 ). 

To complete the consideration, as in spinless case, we examine the Dirac quantization of 
the theory in question. In this case we do not need to impose any gauge condition to the 
first-class constraints. We assume as before the operator ( to have the eigenvalues ( = ±1 by 
analogy with the classical theory. The equal time commutation relations for the operators 
X^, Pp, (, E n , e, P e , x, P x which correspond to the variables x^, p M , (, £ n , e, P e , x, P x , we define 
according to their Dirac brackets, with respect to second-class constraints <j)^ n . Thus, now 
we get 



[X^P V \ 



ihSt 



r-— 'n "mi 



-v 



ih . 



ih, (5.44) 



whereas all other commutators (anticommutators) equals zero. Besides, we have to keep in 
mind the necessity to construct an operator realization for the first class-constraint T2 from 
(|5.71) , which contains a square root. Taking all that into account, we select as a state space 
one whose elements St are x-dependent eight-component columns 



V 



(5.45) 



where ^^(x), ( = ±1 are four- component columns. We seek all the operators in the block- 
diagonal form, 
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C = bdiag (I, -I) , X M = x^l , P^ = p M I , = -ihd^ , e = el, P e = -ihd e I, 

s» = bdiag (| n , | n ) , e = 7 M e 4 , e 4 = ^7 5 , * = *i, 4 = -*^ x i, (5.46) 

where J and I are 4x4 and 8x8 unit matrices respectively, and 7 s = 7 ... 7 s . The 
operator T\, which corresponds to the first-class constraint T\ from (|5.6| ), is selected 
as Ti = S 1 ' ^P^ + qAf/j + mS 4 , where = A^l . The operator T 2 , which corre- 



sponds to the first-class constraint T 2 from ( |5.7| ), is selected as T 2 = P + qA + (R, 
where R = bdiag (cuq, — u>o) , Cjq = 7 [m + j k (p k + qAk)] ■ Similar to the canonical 
quantization case, one may verify that the square R 2 corresponds (in the classical limit) to 
the square of the classical quantity r, see the end of the Section. The state vectors ( |5.45[ ) 
do not depend on "time" r since the Hamiltonian vanishes on the constraints surface. The 
physical state vectors have to obey the equations P e ^ = 0, P x ^ = 0, TiSfr = 0, T 2 ^ = 0. 
First two of these conditions mean that the state vectors do not depend on e and \ • Due to 
the bloc-diagonal form of the operators T the second two conditions produce the following 
equations for the four-column ^({x), 

*i* f (x) = , i 2 * c (x) = , C = ±1 , (5.47) 

where t\ = |ft 1//2 7° t 2 7 5 , h = Po + qA + u . These equations are consistent, the first one is 
a consequence of the second one. Thus, we have in fact one equation, which may be written 
as follows: 

7 °t 2 ^ c (x) = [y (ihd^ - qA^) - m) tf f (x) = , C = ±1 • (5.48) 



Denoting ty + i(x) = ip(x), and 7 2 \l/!l 1 (x) = ip c (x), we get two Dirac equations, one (|5.34j ) for 
the charge q and another one (|5.36|) for the charge — q . 

Finally let us verify that \im. c i assica i R — r . Under the limit sign we may replace the 
operator R by another one R! = R + A, using the same kind of arguments, which were used 
in canonical quantization case, 

1 



A = bdiag (- 7 fc 7 5 e°A fc , 7 fc 7 5 e A fc ) , k = -4/T 1/2 
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Then \R') =bdiag(f 2 , 



u>o + Pi + f>2 , where 



Pi 



h 1 ' 2 

~2f 



{p k + qA k ), \ h 



P2 



A fc , A,- - 4z/T 1/2 (pj + qAj) 



One can easily see that in classical limit uj 2 



uj 2 , fa -> -AiqF l0 ee, P2 -> 0. Thus, 



in the classical limit the operator f 2 , corresponds to the classical quantity t 2 \ it ^ 
m 2 + {p k + qA k ) 2 - 2iqF^ v . 



Unfortunately, the Dirac method of the quantization gives no more information how to 
proceed further with the consistent quantum theory construction, and moreover contains 
principal contradictions, see discussion in the Introduction. However, we may conclude that 
at least one of the main feature of the quantum theory, its charge conjugation invariance, 
remains also in the frame of the Dirac quantization. 



VI. CONCLUDING REMARKS 

Thus, we see that the first quantization of classical actions of spinless and spinning 
particles leads to relativistic quantum mechanics which are consistent to the same extent 
as corresponding quantum field theories in one-particle sectors. Such quantum mechanics 
describe the corresponding charged particles of both signs, and reproduce correctly their 
energy spectra without infinite number of negative energy levels. No negative vector norms 
need to be used in the corresponding Hilbert spaces. 

Certainly, the relativistic quantum mechanics may not be formulated literally in the 
same terms as a non-relativistic quantum mechanics. For example, there is a problem with 
position and momentum operator definitions. If one selects as such operators expressions 
defined by the equations ( |3.5| ), then such operators lead state vectors out of the physical 
subspace. One cannot define a positively defined probability density. All that is a reflection 
of a well-known fact that it is not possible to construct one-particle localized states in the 
relativistic theory. It does not depend on the background under consideration. The problem 
with the momentum operator depends on the external background, and does not exist in 
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translationary invariant backgrounds. 

In backgrounds which violate the vacuum stability of the QFT, a more complicated 
multi-particle interpretation of the quantum mechanics constructed is also possible, which 
establish a connection to the QFT. Such an interpretation will be presented in a separate 
publication. 

Finally one ought to discuss a relation between the present results and quantization 
procedure proposed earlier by Gitman and Tyutin (GT) in the papers |]lO| , [lT| . As was 



already mentioned in the Introduction the quantization there was done only for restricted 
classes of external electromagnetic backgrounds, namely for constant magnetic field. All 
following attempts (see [J2J) to go beyond that type of backgrounds met serious difficulties, 
which are not accidental. It was not demonstrated that the quantum mechanics constructed 
in course of the quantization is completely equivalent to the one-particle sector of the QFT. 
In particular, one may see that quantum version of spinless particle model does not provide 
right transformation properties of mean values. The principal difference between the present 
approach to the quantization of RP and the previous one is in a different understanding of 
the role of the variable (. In the papers of GT and in the following papers, which used 
the same approach, they used this variable to get both branches of solutions of Klein- 
Gordon equation. In course of a more deep consideration it became clear that this aim 
can be achieved without the use of this variable. One may select a special realization of 
the commutation relations in the Hilbert space to get complete Klein-Gordon equation (see 
Sect. III). Doing such a realization we may naturally include into the consideration arbitrary 
electromagnetic and even gravitational backgrounds. Nevertheless, the role of the variable 
( turned out to be decisive to reproduce a consistent relativistic quantum mechanics and 
provide perfect equivalence with the one-particle sector of the QFT. Due to the existence 
of the variable ( we double the Hilbert space to describe particles and antiparticles on 
the same footing. Thus, we solve the problem of negative norms and infinite number of 
negative energy levels. The existence of the variable ( makes the first and the second 
quantizations completely equivalent within the one-particle sector (in cases when it may be 
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defined consistently). In both cases we start with an action with a given charge q, and in 
course of the quantization we arrive to theories which describe particles of both charges ±q, 
and are C -invariant. In case of the first quantization this is achieved due to the existence 
and due to right treating of the variable (. One ought also to remark that the requirement 
to maintain all classical symmetries under the coordinate transformations and under £7(1) 
transformations allows one to realize operator algebra without any ambiguities. 
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APPENDIX A: QUANTUM SCALAR FIELD IN EXTERNAL BACKGROUNDS 

1. Classical scalar field 

Consider here the theory of complex (charged) scalar field (p(x) placed in a curved space- 
time[] {g^ v {x)) and interacting with an external electromagnetic background, described by 
potentials A^x). A corresponding action for such a field theory may be written in the 
following formP]: 

S FT = j Cdx, £ = <J=jj g^Pvip - m W] , P» = ify - . (Al) 

The corresponding Euler-Lagrange equation is covariant Klein-Gordon equation in the back- 
ground under consideration, 

<p(x) = . (A2) 



7 As before we use the gauge g 0i = 0, g 00 = g ^ > 0, g lk gkj = &) 
8 In this section we select K = c = 1 
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The Klein-Gordon equation was proposed by a number of authors p9|-^]. It was 
shown that in a certain sense this equation may describe particles with spin zero and the 
charges (g, 0, — q). However, a corresponding one-particle quantum mechanics, which was 
constructed to support this interpretation, contains indefinite metric and negative energy 
spectrum for the positron (antiparticle) branch |T|-^|,|5|Q] . A one-particle quantum mechan- 
ics of particles with spin one-half and the charges (q,0, —q), which was constructed on the 
base of the Dirac equation [43||, did not contain indefinite metric but still cannot avoid the 
negative energy spectrum for antiparticles. 

The metric energy momentum tensor and the current density vector calculated from the 
action ( |Al| ) have the form 

Tfu, = P v <p + {PM* Ptf - -fee , J„ = q <p + <p* (/»] . (A3) 

The latter obeys the continuity equation, which may be written as 

d, W=ggTJu) = o - d oP + divj = o, P = J g 00 V=g, j = if), f = g ik J k V=g- (A4) 



Introducing the canonical momenta to the fields tp, <p* 



i [ ^ IT) \* oo / — * 9oo^ i • a * 



IT 



dC 



i(P <p)g m V=g~, V ,o 



1-9 



iqA (p 



(A5) 



9<P*o V-9 
one may pass to Hamiltonian formulation. Calculating in this formulation Hamiltonian, 
momentum, and electric charge, we get on the x° = const hyperplane 



H FT (x°) = J W°V=^x 

#00 



'-9 



irn - (P k(f y g k ip jV + 2gA Im(Iko) + ^gm 2 ^^ 



P? T (x° 



(A6) 
(A7) 



T t0 g 00 ^gdx = j 2Im(ILP^)dx , 
Q FT = J J g °V=gdx = q J l(P oV y V + v*(P oV )]g 00 ^gdx = q J 2Im(Ity)dx. (A8) 
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The charge (^) does not depend on the time x° due to equations of motion. Using that 
fact, one may introduce a conserved inner product of two solutions of the Klein-Gordon 
equation 

<ft) K Q = J t( p o^)* v' + ^ (Port] g 00 V=gdx . (A9) 



2. Hamiltonian form of Klein-Gordon equation 



The Klein-Gordon equation ( |A2| ) may be rewritten in the form of a first order in time 
equation (Hamiltonian form), which may be interpreted as a Schrodinger equation. That 
can be done in different ways. For example, let us separate the time derivative part in ( |A2| ) 
from the spatial one, 



(A10) 



Then it is easy to see that in terms of the columns 



( \ 

X 



X 



gg 00 P o( p = tU* 



the equation ( |A10| ) takes the form of the Schrodinger equation 



(All) 



idoip = h(x°)ip 



(A12) 



with the Hamiltonian 



h(x°) — u + qA , Co 



M 
G 



, G 



goo 



(A13) 



M = -Pk^jg^Pj + m 2 J=g~ = - [p k + qA k ] ^/=gg kj [pj + qAj] + m 2 ^~g, p k = -id k . 



One can express the Hamiltonian (|A"6|), the momentum (|A7|) , and the charge (|A8|) in terms 
of the columns ( |A11| ) , 



H FT (x°)= I #(x°)^x, Pf T {x u )= I ipPiipdx, Q K1 =q I ipipdx, ip = ip + a 1 . (A14) 



•>FT(0\ 
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The continuity equation follows from ( |A12| ) and may be written as 

1 



d oP + divj = 0, p = VV, f = -g lk ^g ^P k + (P k ip) {a x + ia 2 )i) . 



(A15) 



The Klein-Gordon inner product (|A9|) takes then the form 



KG 



ip(x)ip'(x)dx. = / [x*(x)(f'(x) + (p*(x)x'(x)]dx. 



(A16) 



It is easy to see that the Hamiltonian h(x°) is Hermitian with respect to the inner product 

(El)- 

One may say that a set iPb{x) (where B are some quantum numbers) of solutions of the 
Klein-Gordon equation ( |A12 ) is complete if any solution of this equation may be decomposed 
via the set. If this set is orthogonal with respect to the inner product ( A16| ), then the 
completeness relation may be written in the following form 

Mx)if) B (y) 



E 

B 



5(x 



(A17) 



In terms of the scalar component (p (see (|A11|) this condition reads 
Vb{x)Vb{v) 



E 



(<Pb,¥b)kg 



o.E 



B 



(<Pb,¥b)kg 



6{x - y) . (A18) 



The Klein-Gordon equation in the common second order form (|A2|) is invariant under 
the operation q — > —q, ip — > (p c = (p*, which is in fact the charge conjugation operation. 
That means that if <p(x) is a wave function of a scalar particle with a charge q then (p c (x) 
is a wave function for that with the charge —q. For the Klein-Gordon equation in the first 
order form (|A12 ) such an operation looks a little bit more complicated. Using the relation 
( 3.16| ), one may see that the Klein-Gordon equation in the first order form ( |A12| ) is invariant 
under the following operation q — * —q, ip — ► ip c = —cr 3 tp*, so that 



id^ c = h c (x°)?p c , h c (x°) = h(x") 



cr 3 h(x°)a 3 



(A19) 



Thus defined charge conjugation for two columns ( |A11| ) is matched with the charge conju- 
gation for scalar wave functions. 
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3. Solutions and spectrum of Klein-Gordon equation 



Let us study the eigenvalue problem for the Hamiltonian ( A13| ) in time independent 
external backgrounds (thus, below this Hamiltonian does not depend on 



hip(x) = eip(x) , ^( x ) 
Being written in components, the equation ( |A20| ) takes the form: 



(A20) 



qAoX + Mcp = ex , qA cp + Gx = e<p . 



(A21) 



The system ( A21|) results in the following equation for ip: 



GMLp = [e - qAo] 2 <p 



(e-qA ) 2 g 00 + 



1 



-gg kj Pj - m- 



(p = 



(A22) 



If we make the substitution <p(x) = exp[— iex°](p(x.) in the Klein-Gordon equation (|A2[) 
we arrive just to the equation (|A22|) . Thus, e defines the energy spectrum of the Klein- 



Gordon equation for particles with the charge q. Such a spectrum is well known for free 
background and for special exact solvable cases of external electromagnetic and gravitational 
|32| , |28| , |30| . The main features of such a spectrum in general case (for non- 



fields 29 



superstrong potentials A ) may be derived from the equation ( |A22|) . First of all, one may 
see that a pair (<£>, e) is a solution of the equation ( A22 ) if it obeys either the equation 



e = qA + y / f^G% , or the equation e = qA — \J Lp~ l GM^ . Let us denote via 
(ip+ t n, e+,n) solutions of the first equation, and via (y_, a , e_ jQi ) solutions of the second 
equation, where n and a are some quantum numbers which are different in general case. 
Thus, 



e+,n = qA + J ip + ] n GM(p +t 



qA - J<pZ] a GM(p 



(A23) 



It is clear that 



> 



(A24) 
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Thus, one can call e +jn the upper branch of the energy spectrum and e_ jQ the lower branch 
of the energy spectrum. In the presence of the potential A they may be essentially nonsym- 
metric, as an example one can remember the energy spectrum in Coulomb field, where (for 
an attractive Coulomb potential for the charge q) the upper branch contains both discrete 
and continuous parts of energy levels and the lower branch contains only continuous levels, 
see Fig.l. 



== r upper branch: 



mc 



-mc 



a) 



mc 



-mc 



dower branch: 



b) 



> upper branch: 



dower branch: 

<n, 0-,n 



Fig.l. Energy spectra of Klein-Gordon particles with a charge q and — q; a) - spectrum 
of h, b) - spectrum of h c . 

In the absence of the potential A , one can always select equal quantum numbers for 
both branches, thus, the total spectrum becomes symmetric, 



e±,n = ±^<p±] n GM<p ±n = Tf T) „ . 
Further, even in general case when A is not zero, we are going to use sometimes the same 
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index n to label quantum numbers both for upper and lower branches to simplify equations, 
hoping that it does not lead to a misunderstanding for those readers who keeps in mind the 
above explanations. 

We may express the functions x from the equation ( |A21| ), 

,00 



Thus, 



\ 



9, 



(A25) 
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Calculating square of the norm of the eigenvectors Vv,n, using the inner product ( |A16|) , we 
find 



qA ) \(p^ n \ 2 g m ^/=g<hi . 



(A26) 



Taking into account the positivity of g 00 and the relation sign (e^ n — qAo) = x , which 
follows from (|A23 ) , we can see that sign (ip^ n , ipn,n) — H • Since the Hamiltonian h is 
Hermitian with respect to the inner product ( |A16|) , we get for the normalized eigenvectors 
ijjitn the following orthonormality conditions 



(A27) 



The set ip^n is complete in the space of two columns dependent on x. An explicit form 
of the completeness relation may be written if one takes into account equations (|A17|) and 



[^+,«( x )^+,n(y) - ^-,n(x)V>- „(y)] = 5 ( x - y) • 



(A28) 



One can easily see that the equation ( |A22j ) retains his form under the following sub- 
stitution e — > — e, q — > — q, tp — > (p* . That means that that the energy spectrum e c of 
the Klein-Gordon equation for the charge — q is related to the energy spectrum e of the 
Klein-Gordon equation for the charge q by the relation e c = — e . 
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Using similar consideration, it is possible to present a solution of the eigenvalue problem 
for the charge conjugated Hamiltonian h c , see Eq. (|A19|) . In fact, the result may be derived 
from ( |A25| ) by use ( |A19| ). It reads (see Fig. 1): 



<,n, (^fc,n , V&,n') = *<U*"W . (A29) 



It is easy to see that the charge conjugated solutions i^^n obey the same orthonormality 



conditions (|A27|) and the completeness relation (|A28|) . The latter being written in terms of 
ip and ip c takes the form 

]T [v> +I „(x)? + , n (y) + ^^;(x)C(y) ff 3] = 5(x - y) . (A30) 

n 

It involves now only positive energy solutions for particles and antiparticles. 

Time dependent set of solutions ^^(x) of the Klein-Gordon equation ( |A12| ), which is 
related to the stationary set of eigenvectors ^^(x), reads as follows: 



i/)x,n(x) = exp{-z£^ n 2°}^ in (x). 



(A31) 



It is complete and obeys the orthonormality conditions ( |A27| ). 



4. Quantized scalar field 

In course of the quantization (second quantization) the fields (p and II become Heisenberg 
operators with equal-time commutation relations [<p(x), H(y)] x o =y o = z<5(x — y) , which imply 
the following commutation relations for the Heisenberg operators ijj(x) (operator columns 
of the form (|ATT|)) and ^ c = -(^+a 3 ) T : 

[ip(x),ip(y)]xO=yO = [$ c {x),ip (y))x°= y o = *(x-y) . (A32) 

Equations of motion for the operators ip and ip c have the form 

id ^{x) = $(x), H FT {x )] = h(x°)i>(x) , id ^ c {x) = h c (x°)^ c {x) , (A33) 

where h(x°) and h c (x°) are defined by ( |A13[ ) and ( |A19| ) respectively. The first equation 
( |A33|) implies the Klein-Gordon equation (|A2|) for the Heisenberg field tp(x). 
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In external backgrounds, which do not create particles from the vacuum, one may define 
subspaces (in the Hilbert space of the quantum theory of a field) with definite numbers 
of particles invariant under the evolution [f28| -|3"2|. An important example of the above 
backgrounds are nonsingular time independent external backgrounds^ Let us consider below 
such kind of backgrounds to simplify the demonstration. A generalization to arbitrary 
backgrounds, in which the vacuum remains stable, looks similar |52j . 



One may decompose the Heisenberg operator ip(x) in the complete set (|A31|) 



= [ a n*P+,n( X ) + K*P~A X )] ■ ( A34 ) 



It follows from the commutation relations ( |A32| ) and from the orthonormality relations (|A27|) 



that [a n , a+] = [b n , 6+] = 5 nm , [a n , a m ] = [b n , b m ] = . Thus, we get two sets of annihilation 
and creation operators a n , a+ and b n ,b+, which may be interpreted as ones of particles with 
a charge q and antiparticles with a charge —q. Indeed, the quantum Hamiltonian and the 
operator of the charge, which may be constructed from the expressions ( |A14| ), have the 
following diagonal form in terms of such creation and annihilation operators 

H FT = H FT + E , H FT = J2 KnO n + "» - £-,nKb n ] = J2 Knata n + e c +> Xb n ] , 

n n 

Q FT = ^K\-ft] , (A35) 

n 

where E = — J2 n e -,« = J2n e + n ^ s an infinite constant, and is a renormalized Hamil- 
tonian, namely the latter is selected as the energy operator. 

The Hilbert space 1Z FT of the quantum field theory may be constructed in the back- 
grounds under consideration as a Fock space. One defines the vacuum state |0 > as a zero 
vector for all the annihilation operators a n \0 >= b n \0 >= . The energy of such defined 



9 As examples of singular time independent external backgrounds one may mention supercritical 
Coulomb fields, and electric fields in time independent gauges with infinitely growing potentials on 
the space infinity 
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vacuum is zero. A complete basis may be constructed by means of the action of the creation 
operators on the vacuum, a+ . . . a+ . . . b+ B |0 >, A, B — 0, 1, .... At a fixed A and B 
the basis vectors describe states with A particles and B antiparticles with given quantum 
numbers respectively. A state vector of the quantum field theory in a given time instant x° 
we denote as >. It evolutes with the time x° according to the Schrodinger equation 

with the renormalized Hamiltonian HE T , 



In the time independent background under consideration each subspace TZ^b °f state vec- 
tors with the given number of particles A and antiparticles B is invariant under the time 
evolution, since the Hamiltonian Hft commutes with number of particles operator N, 




(A36) 




(A37) 



n 
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